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Formulation for zero mode of Bose-Einstein condensate beyond Bogoliubov
approximation
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It is shown for the Bose-Einstein condensate of cold atomic system that the new unperturbed
Hamiltonian, which includes not only the first and second powers of the zero mode operators but
also the higher ones, determines a unique and stationary vacuum at zero temperature. From the
standpoint of quantum field theory, it is done in a consistent manner that the canonical commutation
relation of the field operator is kept. In this formulation, the condensate phase does not diffuse and
is robust against the quantum fluctuation of the zero mode. The standard deviation for the phase
operator depends on the condensed atom number with the exponent of −1/3, which is universal for
both homogeneous and inhomogeneous systems.
PACS numbers: 03.75.Hh, 03.75.Nt, 67.85.-d
I. INTRODUCTION
Since the realization of Bose-Einstein condensate
(BEC) in cold atomic systems [1–3], it has been offering
challenging subjects in theoretical foundations of quan-
tum many-body problem. The theoretical description of
BEC uses the complex order parameter or macroscopic
wave function which is subject to the Gross-Pitaevskii
(GP) equation, and is in very good agreement with the
experiments at lower temperatures [4], as long as atomic
interaction is weak and both quantum and thermal fluc-
tuations can be neglected. The experimental observation
of the interference between two condensates [5] indicates
that the order parameter of each condensate has a defi-
nite phase. The theoretical calculation based on the order
parameter reproduces the interference fringe accurately
[6].
Quantum field theory, as the most fundamental one of
quantum many-body problem, provides us with a clear
and sound interpretation of the condensation: It is the
ordered state associated with the spontaneous breakdown
of the global gauge symmetry. At the same time the zero
mode must exist according to the Nambu-Goldstone the-
orem [7, 8], implying that it plays a crucial role in creat-
ing and retaining the ordered state. However, it is often,
typically in the Bogoliubov approximation, neglected in
formulating the quantum fluctuation at the sacrifice of
the theoretical consistency. This is mainly because of its
infrared singular property which is intractable and of a
naive and groundless expectation that it does not affect
the system very much. In this paper, we take full account
of the zero mode from the standpoint of quantum field
theory, in which the order parameter at zero temperature
is given by the vacuum expectation of the field operator.
The calculational scheme of quantum field theory is con-
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structed in the interaction picture with an unperturbed
Hamiltonian which contains the first and second powers
of the field operator only but none of higher ones. Both
of the zero and excitation modes on the condensate are
described by the Bogoliubov-de Gennes (BdG) equation
[9–11], and the unperturbed field operator is expanded in
the BdG complete set. While the unperturbed Hamilto-
nian of the excitation mode sector is diagonalized, that of
the zero mode one is not [12–14]. Rather the dynamics of
the zero mode should be represented by a pair of quantum
coordinate Q and momentum P , and the corresponding
Hamiltonian is one of a free particle. Then the vacuum
including the zero mode sector can not be determined
for certain, because a stationary ground state does not
exist. To overcome this problem, Lewenstein and You
have introduced a new expansion of the field operator
in which Q becomes a phase operator of the condensate
and concluded a phase diffusion, growing quadratically in
time [12]. We however note that their new field operator
breaks the canonical commutation relation which is the
very foundation of quantum field theory. Moreover, the
predicted phase diffusion has not been observed experi-
mentally, and several experiments are consistent with no
phase diffusion [15–17]. The treatment of the zero mode
is still an open question.
In what follows, we consider a Bose–Einstein con-
densed system of weakly interacting atoms at zero tem-
perature. Our proposition is that all the terms of the
total Hamiltonian, consisting only of Q and P , are taken
in the unperturbed Hamiltonian. Then we naturally ob-
tain a unique vacuum which is a stationary ground state
of the zero mode sector and causes no infrared diver-
gence, while the canonical commutation relation is not
violated. We conclude from the evaluation of the vari-
ance in phase that no phase diffusion occurs and that
the standard deviation of the phase decreases with the
exponent −1/3 as the condensate number increases. It
is shown that the exponent is universal and independent
of whether the system is homogeneous or not.
2II. ORDINARY FORMULATION AND
DILEMMA OF ZERO MODE
Let us briefly sketch the ordinary formulation for the
system at zero temperature, and see the dilemma of the
zero mode mentioned above. We start with the total
Hamiltonian,
H =
∫
d3x
[
ψ†
(
−∇
2
2m
+ Vex − µ
)
ψ +
g
2
ψ†ψ†ψψ
]
,
(1)
where m, Vex, µ, and g represent the mass of an atom,
the confinement potential, the chemical potential, and
the coupling constant, respectively, and ~ is set to be
unity. The bosonic field operator ψ obeys the canonical
commutation relations (x = (x, t))
[
ψ(x), ψ†(x′)
]
t=t′
= δ(x− x′) , [ψ(x), ψ(x′)]
t=t′
= 0 ,
(2)
and is divided into a classical part ξ and an operator
ϕ on the criterion
〈
0
∣∣ϕ∣∣0〉 = 0. Note that the vacuum∣∣0〉 is not specified yet and should be determined self-
consistently. The total Hamiltonian is rewritten in terms
of ϕ as
H = H1 +H2 +H3 +H4 , (3)
where
H1 =
∫
d3x
[
(ϕ+ ϕ†)(h0 − µ+ gξ2)ξ
]
, (4)
H2 =
∫
d3x
[
ϕ†Lϕ+ 1
2
ϕMϕ+ 1
2
ϕ†Mϕ†
]
, (5)
H3 = g
∫
d3x ξ(ϕ†ϕϕ+ ϕ†ϕ†ϕ) , (6)
H4 =
g
2
∫
d3x ϕ†ϕ†ϕϕ , (7)
with h0 = −∇2/2m + Vex , L = h0 − µ + 2gξ2 , M =
gξ2 . Here the order parameter ξ is taken to be real for
simplicity.
On the premise of small ϕ, the customary step is to
choose H1 +H2 as the unperturbed Hamiltonian except
for the renormalization counter terms in the interaction
picture. From
〈
0
∣∣ϕ∣∣0〉 = 0 for a time-independent vac-
uum
∣∣0〉 and any t follows
i∂t
〈
0
∣∣ϕ∣∣0〉 = 〈0∣∣[ϕ,H1 +H2]∣∣0〉 = 0 . (8)
It implies H1 = 0 and therefore the GP equation at the
leading order [18],
(h0 − µ+ gξ2)ξ = 0 . (9)
In an attempt to diagonalizeH2 [12–14], we introduce the
BdG equation Tyℓ = ωℓyℓ with the doublet notations,
T =
( L M
−M −L
)
, yℓ =
(
uℓ
vℓ
)
. (10)
Due to the non-hermiticity of T , ωℓ can be complex in
general. The diagonalization of the complex mode part
is also a subject to be settled [19]. We restrict ourselves
only to the real eigenvalues below. Because the global
phase symmetry is spontaneously broken, there is a eigen-
function belonging to a zero eigenvalue, i.e. Ty0 = 0
with y0 = (ξ, −ξ)t , and an additional adjoint function
y−1 = (η, η)
t has to be introduced for the complete-
ness, where η = ∂ξ∂N0 and N0 =
∫
d3x ξ2 . We adopt the
following linear expansion of ϕ(x) by the BdG complete
set,
ϕ(x) = −iQ(t)ξ(x) + P (t)η(x) + ϕex(x) , (11)
ϕex(x) =
∑
ℓ
[
aℓ(t)uℓ(x) + a
†
ℓ(t)v
∗
ℓ (x)
]
. (12)
The first two terms in Eq. (11) correspond to the zero
mode part, while ϕex represents the excited modes. The
commutation relation of ϕ leads us to
[Q(t), P (t)] = i , [aℓ(t), a
†
ℓ′(t)] = δℓℓ′ , (13)
and the vanishing ones otherwise, where Q(t) and P (t)
are hermitian. Substituting the expansion (11) to
Eq. (5), we obtain
H2 =
IP 2
2
+
∑
ℓ
ωℓa
†
ℓaℓ , (14)
where I = ∂µ/∂N0. Thus the unperturbed Hamiltonian
is diagonalized except for the zero mode part, which in-
volves the fatal dilemma in choosing the vacuum. If one
chooses the zero momentum state with the least eigen-
value as the vacuum, one has
〈
0
∣∣P 2(t)∣∣0〉 = 0 , and the
uncertainty relation implies
〈
0
∣∣Q2(t)∣∣0〉 = ∞ , which is
inconsistent with the assumption of the small ϕ. In gen-
eral, one may choose a wave packet state with finite〈
0
∣∣P 2(0)∣∣0〉 at t = 0 as the vacuum, but the Heisenberg
equation gives Q(t) = Q(0) + IP (0)t and
〈
0
∣∣Q2(t)∣∣0〉
grows as t2 . It shows that the choice of the wave packet
is inadequate, or that it is valid only for a short time.
Moreover, note that the unperturbed total atom number∫
d3x
〈
0
∣∣ψ†ψ∣∣0〉 also grows as t2 . To avoid the difficulties,
Lewenstein and You have introduced a new expression of
ϕ(x) [12],
ψLY ≡
(
ξ + ηP +ϕex
)
e−iQ ≃ ξ − iQξ +Pη +ϕex , (15)
where the last approximate expression is true only for
small Q. Then the conservation of the total atomic num-
ber is recovered for the short time duration. However, we
emphasize that because ψLY violates the canonical com-
mutation relations which is the foundation of the quan-
tum field theory, the formulation of quantum field theory
in the interaction picture as a whole becomes unfounded.
3III. TREATMENT OF ZERO MODE BEYOND
BOGOLIUBOV APPROXIMATION
The discussions above indicate that the simultaneous
assumptions of the linear expansion of ϕ, the bilinear un-
perturbed Hamiltonian and small ϕ, are incompatible in
treating the inevitable zero mode. We lift the choice of
the unperturbed Hamiltonian, keeping the linear expan-
sion and small ϕ, and instead include the terms with the
third and forth order powers of the zero mode operators
into the unperturbed Hamiltonian Hu as follows:
Hu = H1 +H2 + [H3 +H4]QP − δµP , (16)
where the symbol [· · · ]QP represents to pick up all the
terms consisting only of the zero mode operators Q and
P , and the coefficient of the counter term δµ will be de-
termined later. The remaining terms, e.g. the terms such
as a4 or Pa†a, are put into the interaction Hamiltonian.
It is stressed that the canonical commutation relations
are respected because the temporal evolution of Q(t) and
P (t) are unitary, such as Q(t) = eiHutQ(0)e−iHut .
Substituting the expansion (11) into Eq. (16), we
gather it as Hu = H
QP
u +H
ex
u with
HQPu = (2J − µ+ 2B − δµ− 4C)P +
I − 4D
2
P 2
+ 2BQPQ+ 2DP 3 +
1
2
AQ4 − 2BQ2
+ CQP 2Q+
1
2
EP 4 , (17)
Hexu =
∫
d3x (ϕex + ϕ
†
ex)(h0 − µ+ gξ2)ξ +
∑
ℓ
ωℓa
†
ℓaℓ ,
(18)
where
A = g
∫
d3x ξ4 , B = g
∫
d3x ξ3η , C = g
∫
d3x ξ2η2 ,
D = g
∫
d3x ξη3 , E = g
∫
d3x η4 ,
I =
∂µ
∂N0
, J =
∫
d3x ηh0ξ . (19)
SinceHu contains no cross-term between {Q,P} and ϕex,
the whole unperturbed vacuum
∣∣0〉 is expressed as the
direct product
∣∣0〉 = ∣∣Ψ〉 ⊗ ∣∣0〉
ex
where
∣∣Ψ〉 and ∣∣0〉
ex
are vacua of the zero mode and excited mode sectors,
respectively. The criterion of division
〈
0
∣∣ϕ∣∣0〉 = 0 leads
ex
〈
0
∣∣ϕex∣∣0〉ex = 0 ,
〈
Ψ
∣∣Q∣∣Ψ〉 = 0 , 〈Ψ∣∣P ∣∣Ψ〉 = 0 .
(20)
The time derivative of the first equality, in the same man-
ner as in Eq. (8), derives the GP equation (9), which
implies 2J − µ + 2B = 0 . The zero mode part of the
unperturbed Hamiltonian HQPu then becomes
HQPu = −(δµ+ 4C)P +
I − 4D
2
P 2 + 2BQPQ+ 2DP 3
+
1
2
AQ4 − 2BQ2 + CQP 2Q + 1
2
EP 4 . (21)
Similarly, the time derivative of the second equality in
Eq. (20) derives the identity〈
Ψ
∣∣[−δµ− 4C + (I − 4D)P + 2BQ2
+ 6DP 2 + 2CQPQ+ 2EP 3
]∣∣Ψ〉 = 0 , (22)
which fixes δµ as
δµ =
〈
Ψ
∣∣[−4C + 2BQ2 + 6DP 2 + 2CQPQ+ 2EP 3]∣∣Ψ〉 ,
(23)
to satisfy the third equality in Eq. (20). Here, the vacuum
of the zero mode
∣∣Ψ〉 should be the ground state of the
stationary Schro¨dinger equation,
HQPu
∣∣Ψ〉 = E0∣∣Ψ〉 , (24)
and δµ is to be determined self-consistently. As there
are terms with odd powers of P but not of Q in HQPu ,
the second equality in Eq. (20) is satisfied automatically
when
〈
q
∣∣Ψ〉 is an even function of q.
A. Variational Estimation for Homogeneous
System
We first estimate
∣∣Ψ〉 variationally with the trial func-
tion,
〈
q
∣∣Ψ〉 =
(
1
2piα2
)1/4
e−
q
2
4α2 . (25)
The variational parameter α is related to the expectation
value of Q2 as α2 =
〈
Ψ
∣∣Q2∣∣Ψ〉. From Eq. (23), δµ is also
expressed in terms of α as δµ = 2Bα2 − 4C + 3D/2α2 .
The parameter α is determined to minimize the expecta-
tion value f(α) =
〈
Ψ
∣∣HQPu ∣∣Ψ〉 , that is
∂f
∂α
= 6Aα3 − 4Bα2 − I − 4D
4α3
− 3E
8α5
= 0 . (26)
In the large N0 limit, only the terms proportional to A
and I are dominant in Eq. (26), and we obtain
α =
6
√
I
24A
. (27)
When we consider a homogeneous system (Vex = 0
and ξ = constant) where ξ = N0/V , µ = gN0/V ,
and I = g/V with the volume V , Eq. (27) leads to
α = (1/ 6
√
24)N
−1/3
0 . It is independent of both g and
V , and depends only on N0. The standard deviation of
Q, denoted by ∆Q =
√〈
Ψ
∣∣Q2∣∣Ψ〉− 〈Ψ∣∣Q∣∣Ψ〉2, is equal
to α since
〈
Ψ
∣∣Q∣∣Ψ〉 = 0 for the trial function (25). As
long as ∆Q is sufficiently small, it is interpreted as the
fluctuation of the phase, ψ ≃ ξ− iQξ+ · · · ≃ e−iQξ+ · · · ,
similarly as in Eq. (15) which is not adopted in our ap-
proach though. Our estimation of Eq. (27) shows that the
uncertainty of the condensate phase decreases as N
−1/3
0 ,
and vanishes at the thermodynamical limit.
4FIG. 1. The ground state distribution for the homogeneous sys-
tem. The thin and bold lines denote the numerical results for
N0 = 102 and 106, respectively. For comparison the variational
result is shown as the dotted line. As the axes are scaled by α, the
dotted line is true for an arbitrary N0.
FIG. 2. N0 dependences of (a) ∆Q, (b) δ, and (c) ∆Q/α for the ho-
mogeneous system. The dotted line in (a) indicates the variational
estimation α = (1/ 6
√
24)N
−1/3
0 . The quality δ = −1/3 −
d log∆Q
d logN0
in (b) indicates the shift of the exponent of ∆Q from −1/3.
B. Numerical Calculation for Homogeneous System
We next solve Eq. (24) numerically for the homoge-
neous system. The numerical results of the ground state
distribution is depicted in Fig. 1, and allow us to calculate
∆Q . Figure 2 (a) shows that the variational estimation
(α, dotted line) is in good agreement with the numerical
result (∆Q, solid line). Let us introduce the quantity δ by
parameterizing ∆Q ∼ N−(1/3+δ)0 . As shown in Fig. 2 (b),
δ decreases exponentially for large N0 and implies that
the exponent converges to −1/3 in the limit N0 →∞ , as
is estimated variationally. Unlike in the case of the ex-
ponent, the coefficient in ∆Q differs from the variational
estimation, and the ratio ∆Q/α converges to about 1.20
as Fig. 2 (c) shows. It is not negligible small but one may
conclude that the variational estimation is valid.
C. Inhomogeneous System
Finally, we confirm that the behavior of ∆Q ∼ N−1/30
for large N0 is universal even for an inhomogeneous sys-
tem with Vex(x) 6= 0 and is independent of the inter-
action strength, dimension, and the shape of the con-
finement potential. We consider a d-dimensional sys-
tem with a repulsive interaction g > 0 , and the attrac-
tive case is excluded because then the condensate col-
lapses for large N0. Let us suppose that Vex(x) has
a form of homogeneous function: Vex(λx) = λ
νVex(x)
with a parameter ν ≥ 1. Then the virial theorem
yields [20] the relation 2Ekin − νEpot + dEint = 0, where
Ekin =
1
2m
∫
ddx |∇ξ(x)|2 , Epot =
∫
ddxVex(x) |ξ(x)|2 ,
and Eint =
g
2
∫
ddx |ξ(x)|4 . Besides, one derives Ekin +
Epot + 2Eint = µN0 from the Gross-Pitaevskii equa-
tion. Taking the large N0 limit and using the Thomas–
Fermi approximation, Ekin = 0, we obtain µ = Eint(d +
2ν)/νN0. The interaction energy Eint is equal to A/2
[see Eq.(19)], and its leading term in the large N0 limit
can be expressed as A ≃ c1N c20 with c1 > 0 and c2 > 1.
Using Eqs. (19) and (27), we obtain
∆Q =
6
√
(d+ 2ν)(c2 − 1)
48ν
N
−1/3
0 , (28)
where the power of N0 is independent of the other pa-
rameters and equals to −1/3.
IV. SUMMARY
In summary, including the terms with higher powers
of the zero mode operators Q and P in the unperturbed
Hamiltonian, we have obtained the appropriate vacuum
which is stationary and whose validity is not restricted to
a finite time duration. This is a contrast to the previous
theoretical formulation in which no discrete ground state
exist and the phase of the order parameter diffuses out.
The difference comes simply from the choices of the un-
perturbed Hamiltonian in both the cases. We have eval-
uated the standard variation ∆Q which is interpreted as
the condensate phase when ∆Q≪ 1. The phase fluctua-
tion ∆Q decreases as ∼ N−1/30 for large N0. This power
5law is universal and independent of the other parameters
for the both homogeneous and inhomogeneous systems.
We note that while the power law is independent of the
interaction constant g, the presence of non-zero g is cru-
cial to the robustness of the condensate phase against
the quantum fluctuation of the zero mode. If the higher
powers of the zero mode operators, i.e. [H3+H4]QP , are
excluded from the unperturbed Hamiltonian, the present
formulation reduces to that of Lewenstein and You [12].
The higher power contribution of the zero mode opera-
tors is essential to go beyond Bogoliubov approximation
and to determine a unique stationary vacuum. In this pa-
per, we have considered only the case where the quantum
fluctuation of the exited modes and the thermal one of
all the modes are negligibly small. To extend the present
formulation to a system at finite temperature would be
the future work.
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